We present some recent results on Hardy spaces of generalized analytic functions on D specifying their link with the analytic Hardy spaces. Their de nition can be extended to more general domains Ω. We discuss the way to extend such de nitions to more general domains that depends on the regularity of the boundary of the domain ∂Ω. The generalization over general domains leads to the study of the invertibility of composition operators between Hardy spaces of generalized analytic functions; at the end of the paper, we discuss invertibility and Fredholm property of the composition operator C φ on Hardy spaces of generalized analytic functions on a simply connected Dini-smooth domain for an analytic symbol φ.
Introduction
In this paper, we present some recent results on classes of generalized analytic functions from the point of view of function spaces and operator theory. Generalized analytic functions have been introduced in [28] . More recently, such functions have received a new interest with the work of V. Kravchenko in [19] where generalized analytic functions are used to solve some partial di erential equations arising in Mathematical Physics (the Schrödinger equation for example). Indeed, general analytic functions are functions f de ned on a domain Ω and are solutions in the distributional sense of the following ∂-equation ∂f = ν∂f or ∂w = αw,
with ν is in the Sobolev space W ,r
(Ω) and α ∈ L r (Ω) with < r ≤ ∞. The rst partial di erential equation is called the conjugate Beltrami equation. When α = ν = , the functions f and w are analytic. Functions w satisfying the second partial di erential equations are called pseudo-analytic functions. For some classes of coe cients α and ν, the equations in (1) are equivalent; this property has been shown in a work of Bers and Niremberg [8] . Pseudo-analytic functions are strongly related to analytic functions: a function w ∈ G p α (Ω) can be written as w = e s F where s ∈ W ,r
(Ω) and F is analytic on Ω; this factorization property is called the Bers similarity principle and appeared in [8] and are explicitly studied in [4] [5] [6] for example.
A function f satisfying (1) is such that its real part and its imaginary part satisfy a generalized version of Cauchy-Riemann equations depending on a coe cient σ ∈ W ,r (D) related to ν. As in the analytic case, in a recent work [6] , the authors considered the class of generalized analytic functions such that
when Ω = D. As in the analytic case, the condition 2 guarantees the existence of a radial limit almost everywhere of f (w respectively) on T. This property has a crucial role for the study of boundary value problems related to the partial di erential equations in (1) .
The H p ν and G p α can be de ned when Ω is the annulus [13] , smooth domains conformally equivalent to an annular domain [5] , on D for a critical exponent r = (corresponding to the case where the exponent is equal to the dimension of the domain) in [4] .
A natural way to de ne the spaces H p ν and Gα p spaces on general domains is through the existence of a harmonic majorant for f p (respectively, w p ). When the domain Ω is regular enough (Dini-smooth domain see [5, 26] ), the existence of a harmonic majorant is equivalent to the uniform boundedness of the L p -norms of f (respectively w) over a sequence of recti able Jordan curves C n of uniform bounded length where C n is the boundary of a domain D n ⊂ Ω:
where the integrals are considered with respect to arc-length measure dz . The last condition de nes the Smirnov classes. When Ω is a simply connected domain such that ∂Ω is recti able, the Smirnov class can not be identi ed to the H p ν (Ω) and G p α (Ω) spaces de ned through harmonic majorants. In this paper, we present a short survey on some results on Hardy spaces of generalized analytic functions and we discuss their de nition when Ω is a simply connected domain.
The paper is organized as follows: in the rst Section, we focus on the Hardy spaces of pseudo-analytic functions de ned on the unit disc, highlighting the link between the study of Hardy spaces of pseudo-analytic functions and the following boundary value problem:
for certain classes of σ and ν. In the third Section, we give the de nition of Hardy spaces of generalized analytic functions on simply-connected bounded domains. In the last Section, we consider the composition operator on G p α (Ω) with Ω a Dini-smooth simply connected bounded domain generalizing to the case of α ∈ L r (Ω) extending some results obtained in [20] . Let us introduce some notations. We will denote by D the unit disc and T its boundary. The domain Ω we will consider is simply connected and bounded. The Lebesgue measure (on the complex plane or in the -dimensional case) will be denoted by m and dz will denote the arc-length measure. We will de ne for z = x + iy ∈ C the following di erential operators
where the derivatives are considered in the distributional sense: for φ a smooth compactly supported function on Ω,
The space W ,r
(Ω), r > is the collection of functions de ned on Ω such that f , ∂f and ∂f belong to L r (Ω) and is equipped with the norm
We recall that when Ω is a domain such that its boundary is C , the space W We recall that a function g de ned on D has a radial limit almost everywhere on T if there exists g * de ned almost everywhere on T such that (T) . Throughout this paper, even if it is not explicitly said, ν will be such that ν(z) ≤ k < , k ∈ ( , ) for z ∈ Ω, σ is non-negative and p will be such that < p < ∞.
Hardy spaces of generalized analytic functions on D
We denote by D the unit disc and by T the unit circle. Let ν ∈ W 
with ν ∈ W ,r R (D) and r > . The following Lemma sums up some properties of functions solutions of (4) introduced in [6] (5),
In view of Equations (5), we can de ne the σ-harmonicity on D also called generalized harmonic functions. The de nitions extend the notion of harmonic functions related to analytic functions.
De nition 2.2. Let u ∶ D → R be a measurable function. The function u is said to be
and f = u + iv is solution of (4).
We introduce another ∂-equation connected to the conjugate Beltrami equations:
with α ∈ L r (D). Functions solutions in the distributional sense on D of
are called pseudo-analytic functions and can be expressed as functions solution of (6) (see [4, Section 3] ).
The relation between Equation (6) and (4) is given in the following Lemma.
Solutions of Equation (6) have the advantage of satisfying the Bers similarity principle [4, 6] . 
If we denote by C the Cauchy operator C(f )(z) = iπ 
, where S is the Beurling operator [17] de ned by the singular integral
By continuity of the Cauchy operator and the Beurling operator on L r (C), it follows that s ∈ W ,r (D) and 
By Weyl's lemma, we conclude that F is analytic. 
Remark 2.5. Note that Proposition 2.4 implies that w ∈ C(D
Remark 2.6. There exists a "reverse" Bers similarity principle established in [4] : for a given
This result permits to build some examples of functions in G p
α (D). The "reverse" Bers similarity principle can be extended easily to the case of a bounded Dini-smooth domain (see [20] ).
The theory of pseudo-analytic functions and its development in the recent works [6, 18, 22] are motivated by the following Dirichlet problem: let φ, ψ ∈ L p R (T) with < p < ∞, we search a function u such that
To solve such problem, we need to de ne the boundary value of u when ∇.(σ∇u) = . An approach is to consider another Dirichlet problem that can be presented as a complex version of the Dirichlet problem 8.
To solve Problem 9, we use the link between Equations (4) and (6) given in Lemma 2.3. We thus consider the following problem related to Equation (6)
We will start solving Problem 10 taking advantages of the factorization in Proposition 2.4 and properties of analytic functions.
. Radial limit and Hardy condition
In this subsection, we de ne a condition of existence of a radial limit for pseudo-analytic functions. We will deduce by Lemma 2.4 a condition for the existence of a radial limit for functions solution of the conjugate Beltrami equation.
We suppose that w and f are solution of Equation (6) and Equation (4) respectively. and w satis es (11). The conclusion follows from (i). 
. Hardy spaces of generalized analytic functions
Let < p < ∞. We de ne the Hardy spaces of pseudo-analytic functions that have been introduced in [6] for the unit disc. The following proposition gives some properties for G p α -functions and H p ν -functions proved in [6] and generalized in [5] . Proposition 2.12.
De nition 2.9. (i) We de ne the Hardy space of pseudo-analytic function (also called generalized Hardy space) and denoted by G p α (D) the collection of functions w solutions of (6) and satisfying the Hardy condition
Proof. To prove the right-side inequality of ), we consider w ∈ G p α (D) and use the Bers similarity principle to write that w = e s F with s ∈ W ,r
. The left-side inequality of ) and ) follow from Fatou's lemma.
ν (tr (w)) = (tr (f )) according to Remark 2.11, which proves the right-side of the inequality in ).
One can also de ne the generalized Hardy spaces through harmonic majorants. As for the analytic Hardy spaces, this de nition is equivalent to the de nition given in De nition 2.9.
De nition 2.13.
• The space G 
• 
Remark 2.14. 
. Solving the Dirichlet problem
We solve the di erent Dirichlet problems introduced in Subsection 2.1 starting with Problem 10. Let φ ∈ L p R (T). We search a function w ∶ D → R such that ∂w = αw on D and Re w = φ on T. We have the following result [6] . We only give some elements for the proof of such results ; for more details, we refer to [6] . 
Ideas of the proof. For
where 
Hardy spaces of generalized analytic functions on simply-connected domains
In this section, we de ne the generalized Hardy spaces for functions de ned on a simply-connected domain.
Let Ω ⊂ C be a bounded simply-connected domain. The most natural way to de ne G p α (Ω) is to use the harmonic majorants.
De nition 3.1.
where z ∈ Ω.
Remark 3.2. As in the previous subsection, another choice of z leads to an equivalent norm (Harnack inequality).
The Bers similarity principle in Proposition 2.4 can be extended to the case of a bounded domain Ω (not necessary simply-connected) see [4, Lem. 3.1] . Indeed, the Cauchy operator C restricted to the bounded domain Ω de nes a bounded operator from L r (Ω) to W ,r
(Ω). Taking s = C(A) Ω and de ning F = e −s w, we obtain that w = e s F where F is analytic (the same argument as for D holds). Moreover, we have that
It is known that the regularity of φ depends on the regularity of the domain. We will consider two classes of simply-connected domains: the class of Dini-smooth domains and the class of domains bounded by a recti able Jordan curve.
. Generalized Hardy spaces on Dini-smooth domains
This class of Hardy spaces have been de ned and studied in [14] . The de nition has been extended to nitely connected Dini-smooth domains in [5] . A simply-connected domain Ω is a Dini-smooth domain if and only if its boundary is a Jordan curve with non-singular Dini-smooth parametrization. A function f is said to be Dini-smooth if its derivative is Dini-continuous in the sense that the modulus of continuity ω f is such that 
(Ω), we obtain that ν ○φ ∈ L r (D). By the chain rule, we have
By the boundedness of φ ′ on D, we obtain
In the same way, we show that 
. Generalized Hardy spaces on general domains and Smirnov classes of pseudo-analytic functions
We consider in this subsection a simply-connected bounded domain Ω such that ∂Ω is recti able (its 1-dimensional Hausdor measure is nite) [ Thus, we have that
which contradicts (15) . We conclude that φ is surjective.
To describe the Fredholm composition operators, we use the following Lemma established by McCluer in [21] for Hilbert spaces of analytic functions de ned on a domain of C N with N = . Proof. If φ is a bijection, then by Theorem 4.6, C φ is invertible and thus C φ is Fredholm. Now, we suppose that C φ is Fredholm. If φ is not univalent, using the same arguments as in [9] or [21] , there is an in nite linearly independent set of di erences between A α φ z n where the z n ∈ Ω are distincts, denoted by S such that S ⊂ ker (C * φ ) which contradicts that C φ is Fredholm. If φ is not surjective then, by the proof of Theorem 4.6, it follows that there exists (z n ) n∈N a sequence in Ω such that φ(z n ) → , then we have g n G α φ (Ω )) ′ = and using the same arguments as in proof of Theorem 4.6, we have that
which contradicts that C φ is Fredholm.
